Abstract. Let Γ be an amenable countable discrete group. Fix an ergodic free nonsingular action of Γ on a nonatomic standard probability space. Let G be a compactly generated locally compact second countable group such that the closure of the group of inner automorphisms of G is compact in the natural topology. It is shown that there exists a bounded ergodic G-valued cocycle of Γ.
Introduction
Let Γ be an ergodic infinite countable group of nonsingular transformations of a standard non-atomic probability space (X, B, µ) and let G be a locally compact second countable group. Denote by M(X, G) the set of all measurable maps from X to G. It is a group under the pointwise multiplication. A cocycle c of Γ with values in G is a mapping c : Γ ∋ γ → c γ ∈ M(X, G) satisfying the cocycle equation
for all γ 1 , γ 2 ∈ Γ. Denote by Z 1 (Γ, G) the set of all G-valued cocycles of Γ. Fix a left Haar measure λ G on G. Given c ∈ Z 1 (Γ, G) and γ ∈ Γ, we define a nonsingular transformation γ c of the σ-finite product space (X ×G, µ×λ G ) by setting γ c (x, g) := (γx, c γ (x)g). Then (γβ) c = γ c β c for all γ, β ∈ Γ. The group Γ c := (γ c ) γ∈Γ is called the c-skew product extension of Γ. If Γ c is ergodic then c is called ergodic. From now on we suppose that Γ (endowed with the discrete topology) and G are both amenable. Then it is well known that there exists an ergodic cocycle of Γ with values in G. For the proof of this fact we refer [Her] , [GoSi1] , [GoSi2] , [Is] , [AaWe1] with application of [Co-We] .
A subtler question arises naturally: is there a bounded ergodic cocycle c of Γ with values in G? We call c bounded if for each γ ∈ Γ, there is a compact subset K ⊂ G such that c γ (x) ∈ K at a.e. x. An affirmative answer was obtained recently by Aaronson and Weiss in [AaWe2] in the case where Γ is a µ-preserving freely acting group isomorphic to Z n and G is a closed subgroup of R d . (A particular case of this result, when n = 1, follows from their previous work [AaWe1] .) They also raised a problem of generalization of this result. This is the goal of the present work.
Our first observation is that if Γ is finitely generated and there is a bounded ergodic G-valued cocycle of Γ then G is compactly generated. This follows from the fact that a locally compact second countable group containing a dense compactly generated subgroup is compactly generated itself [FuSh, Theorem 4] .
Next, we recall that -G is called an FC-group if all conjugacy classes in G are finite.
-G is called an [FC] − -group if all conjugacy classes in G are relatively compact.
-G is called an [FD] − -group if the commutator group in G is relatively compact. − -group. For a locally compact second countable group G, the following claims are equivalent:
-G is a [FIA]-group, -the closure of the group of inner automorphisms of G in the group of continuous automorphisms of G is compact in the natural topology [GrMo] , -G is a [SIN]-group isomorphic to a direct product of R n × L for some n ≥ 0, where a subgroup L contains a compact open normal subgroup O such that the quotient L/O is an FC-group [Wi] .
From the last claim we deduce that a [SIN]-group G is a compactly generated [FIA]-group if and only if L/O is a finitely generated FC-group. The latter happens if and only if the center of L/O has a subgroup Z m , for some m ≥ 0, which is of finite index in L/O. We now state the main result of the work.
Theorem 0.1. Let Γ be an amenable countable discrete group. Suppose that Γ acts nonsingularly on a standard nonatomic probability space and the action is free and ergodic. If G is a compactly generated [FIA]-group then there exists a bounded ergodic G-valued cocycle of Γ.
We deduce Theorem 0.1 from the following more general result.
Theorem 0.2. Let Γ be as in Theorem 0.1. For a [FIA]-group G, fix a countable symmetric subset H generating a dense subgroup in G and let H
• := g∈G gHg −1 .
(i) If Γ is finitely generated and Σ is a finite symmetric generator of Γ then there exists an ergodic cocycle α = (α γ ) γ∈Γ ∈ Z 1 (Γ, G) such that
e. x ∈ X and σ ∈ Σ.
(ii) If Γ is not finitely generated and Σ is an infinite symmetric generator of Γ then there exist a family (K σ ) σ∈Σ of finite subsets in G and an ergodic
While proving the main result we try to adjust some ideas from [AaWe2] to the more general case under consideration. For instance, the sought-for ergodic cocycle appears as the limit of a specially selected sequence of coboundaries. The pointwise ergodic theorem was an essential tool in [AaWe2] . The main obstacle now is that the nonsingular counterpart of this theorem (RET, ratio ergodic theorem) does not hold for nonsingular actions of arbitrary amenable groups [Ho] . Neither the weak form of RET from the recent paper [Da] helps in this concrete situation. To bypass the usage of RET we utilize the underlying orbit equivalence relations and their filtrations by finite subrelations. Secondly, in contrast with the probability preserving case, in our "nonsingular" constructions, we have always to take into account the Radon-Nikodym cocycle (it is trivial in the probability preserving case).
We also record one more corollary from Theorem 0.2 about existense of norm bounded ergodic cocycles with values in groups equipped with a norm.
If there is a symmetric countable subset H ⊂ G such that sup h∈H h < ∞ and the group generated by H is dense in G then there exists an ergodic cocycle α ∈ Z 1 (Γ, G) and a mapping c :
This theorem can be illustrated by an example where
and H is the unit ball in G. We note that H is not compact and G is not compactly generated. Hence we can not apply Theorem A. However, by Corollary 0.3, norm bounded ergodic cocycles of Γ exist.
Cocycles of ergodic transformation groups and equivalence relations
Cocycles of dynamical systems. Endow M(X, G) with the topology of convergence in measure. Then M(X, G) is a Polish group. The mapping
The image of this embedding is closed. Hence the embedding induces a Polish topology on Z 1 (X, G). From now on we denote by dist a metric on Z 1 (X, G) compatible with this topology.
Two cocycles c, d
A cocycle that is cohomologous to the trivial one is called a coboundary. The cohomology relation is an equivalence relation on Z 1 (X, G). If a cocycle is cohomologous to an ergodic one then it is ergodic. A coboundary is never ergodic (unless G is a singleton). For each f ∈ M(X, G) and γ ∈ Γ, we let
is a coboundary of Γ. Of course, every Γ-coboundary equals ∆f for some f ∈ M(X, G). Moreover, ∆a = ∆b for some a, b ∈ M(X, G) if and only if there is g ∈ G such such a(x) = b(x) · g at a.e. x for some g ∈ G.
It is well known that if Γ is amenable (in the discrete topology) then the cohomology class of every cocycle is dense in Z 1 (X, G). In particular, the coboundaries are dense in Z 1 (X, G). Thus, every cocycle is the limit of a sequence of coboundaries. Suppose that Γ is generated by a symmetric subset Σ ⊂ Γ. It is easy to verify that a sequence (c (n) ) ∞ n=1 of Γ-cocycles converges in Z 1 (X, G) if and only if the sequence (c
of functions from M(X, G) converges in measure for each γ ∈ Σ. Measured equivalence relations and their cocycles. Denote by R the Γ-orbit equivalence relation on X. For x ∈ X, let R(x) denote the R-class of x. Then R(x) = {γx | γ ∈ Γ}. A Borel subrelation S of R is called conservative if for each subset A ∈ B of positive measure and almost every x ∈ A, there is y ∈ A such that y = x and (x, y) ∈ R.
For a Borel subrelation S of R, the full group [S] of S consists of all µ-nonsingular transformations θ of X such that (θx, x) ∈ S for a.a. x ∈ X. Of course, Γ ⊂ [R]. We will use below the following fact: (Fa1) If S is conservative then for each subset A ∈ B of positive measure and
A Borel subrelation S of R is called finite if S(x) < ∞ for a.e. x ∈ X. If Γ is amenable then R is hyperfinite, i.e. there is an increasing sequence of finite subrelations
is called a filtration of R. There exists a filtration (R n ) ∞ n=1 of R such that #R n (x) = 2 n at a.e. x for all n ∈ N.
A cocycle of R with values in G is a Borel map α : R → G such that there is a µ-conull subset B ⊂ X such that
Denote by Z 1 (R, G) the set of all G-valued cocycles of R. Two cocycles α, β ∈ Z 1 (R, G) are called cohomologous if there exists a function f ∈ M(X, G) and a µ-conull subset B ⊂ X such that α(x, y) = f (x)β(x, y)f (y) −1 for all (x, y) ∈ R ∩ (B ×B). A cocycle of R is a coboundary if it is cohomologous to the trivial one. For each θ ∈ [R], we can define a function α θ ∈ M(X, G) by setting α θ (x) := α(θx, x), x ∈ X. It is well known (and easy to see) that if Γ acts freely on X then there is a canonical bijection Ψ of Z 1 (R, G) with Z 1 (Γ, G). The bijection is given by the formula Ψ(α) := (α γ ) γ∈Γ . Moreover, two cocycles α, β of R are cohomologous if and only if the corresponding cocycles Ψ(α) and Ψ(β) of Γ are cohomologous. In particular, α is a coboundary if and only if Ψ(α) is a coboundary. We transfer dist via Ψ −1 to Z 1 (R, G). Then Z 1 (R, G) endowed with this metric is a Polish space. We single out an important cocycle ρ R,µ ∈ Z 1 (R, R * + ), called the Radon-Nikodym cocycle of R. It is well defined by the formula
It is well known (and easy to verify) that ρ R,µ is a coboundary if and only if there is a σ-finite Γ-invariant measure equivalent to µ.
Essential values of cocycles. Let α ∈ Z 1 (R, G). An element g ∈ G is called an essential value of α if for each subset A ∈ B of positive measure and a neighborhood U of g there are a subset B ⊂ A of positive measure and a transformation γ ∈ Γ such that γB ⊂ A and α γ (x) ∈ U for all x ∈ B ( [FeMo] We need a "nonsingular" version of the condition EVC considered by Aaronson and Weiss for probability preserving Z d -actions in [AaWe2] . Let A ⊂ X be a subset of positive measure, U an open subset in G and δ ∈ (0, 1). Definition 1.1. α satisfies EVC(A, U, δ) if there are a subset B ⊂ A and a transformation θ ∈ [R] such that θB ⊂ A, µ(B) > δµ(A), α(θx, x) ∈ U and
The following two facts are routine (cf. [AaWe2] ). Therefore we state them without proof. If for every U ∈ U there is a real δ = δ(U, g) > 0 such that α satisfies EVC(A, U g, δ) for each A ∈ B 0 then g ∈ r(α).
Auxiliary lemma
In view of [Co-We], we may assume without loss of generality that X = {0, 1} N and R is the tail equivalence relation on X, i.e. two points x = (x j ) j∈N and y = (y j ) j∈N are equivalent if there is n > 0 such that x j = y j for all j > n. For each n > 0, we define a subrelation S n of R by setting x ∼ S n y if x j = y j for all j > n. Then S n is a finite subrelation of R, #S n (x) = 2 n for each x ∈ X, S 1 ⊂ S 2 ⊂ · · · and ∞ n=1 S n = R. Thus, (S n ) ∞ n=1 is a filtration of R. Replacing, if necessary, µ with an equivalent probability measure we may also assume that
For each n ∈ N, we consider two spaces
{1,...,n} and X n := {0, 1} {n+1,n+2,... } and define two mappings π n : X → X n and π n : X → X n by setting
, and π n (x) := (x j ) ∞ j=n+1
for each x := (x j ) j∈N ∈ X. Then X is isomorphic to the direct product X n × X n via the mapping π n × π n . It is easy to see that this mapping transfers R to the direct product of the transitive equivalence relation on X n with the tail equivalence relation R n on X n . Let µ n stand for the projection of µ onto X n via π n . Consider a disintegration of µ over µ n :
where (µ n,y ) y∈X n is the corresponding system of conditional (probability) measures on X n and δ y is the Kronecker measure on X n supported at y for each y ∈ X n . Since µ is quasi-invariant under Γ, it follows that -R n is µ n -nonsingular, i.e. µ n is quasiinvariant under each transformation from the full group [R n ] and -the measures µ n,x and µ n,y are equivalent whenever two points x, y from a µ n -conull subset of X n are R n -equivalent.
Moreover, one can verify that
for all pairs (x, y) of R-equivalent points belonging to a µ-conull subset of X.
Suppose that G is an [FC]
− -group. For g ∈ G, let g • denote the conjugacy class of g in G. Then the closure of g
• is compact in G. We denote this closure by K g . Then for each neighborhood U of 1 G , there is a finite subset D ⊂ K g such that
• . Hence the positive integer
Definition 2.1. Let S be a finite subrelation of R, Σ a finite subset of Γ, H a subset of G and
Suppose that Γ is finitely generated. Fix a finite symmetric generating subset Σ of Γ. The following lemma is a cornerstone of the proof of main results.
− -group, H a subset of G and ǫ > 0. Let a function f ∈ M(X, G) take finitely many values. If Σ is a finite symmetric subset of Γ such that f is Σ-inner on S n for some n > 0 and (Σ, H)-incremental then for each subset Z ⊂ X of positive measure, an element g ∈ G and a symmetric normal neighborhood U of 1 G in G, there exist m > n, h ∈ g
• , a function f ∈ M(X, G) that takes finitely many values on X, a subset Z 00 of positive measure, a real δ = δ(U, g) > 0 and a
Proof. First, we find ǫ ′ > 0 such that ǫ ′ < ǫ and
Next, it follows from the definition of Λ(g, U ) that there exist a Borel subset Z 0 ⊂ Z and an element h ∈ g • such that µ(Z 0 ) ≥ µ(Z)/Λ(g, U ) and
Without loss of generality we may assume (decreasing ǫ, if necessary) that ǫ is "considerably" less than µ(Z 0 ). Let G * := G ⊔ { * } stand for the one-point compactification of G. We introduce an auxiliary measurable function f * : X → G * by setting
For each x ∈ X, consider a sequence (f
We say that two finite sequences of (G * × Λ)-elements are equivalent if they coincide up to a permutation. Denote by Z(x) the equivalence class of (f * (y), ρ R,µ (x, y)) y∈S n (x) . Of course, the mapping Z : X ∋ x → Z(x) is S ninvariant. Since f takes finitely many values and (⋆) holds, the image of Z is countable. Therefore there is a finite partition of X into S n -invariant measur-
We note that if two points a, b from X n belong to the same subset Y ′ j for some j ≤ s then there is a bijection θ a,b : X n → X n such that (2-4)
Moreover, without loss of generality we may assume that the map
is measurable. By Aut X n we mean the group of bijections of X n endowed with the discrete topology. For l > n, let B l stand for the smallest S n -invariant subset containing O(S l , Σ).
Since Σ is finite and Σx ⊂ Γx = R(x) = ∞ l=1 S l (x) for a.e. x ∈ X, it follows that lim l→∞ µ(O(S l , Σ)) = 0. This, in turn, implies that lim l→∞ µ(B l ) = 0 and hence lim l→∞ µ n (B ′ l ) = 0. For m > n, we consider X n as the direct product {0,
denote the corresponding disintegration of µ n . Now we choose m > n large so that
Let P denote the set of probability measures on {0, 1} m−n . Since the mapping X m ∋ y → ν y ∈ P is measurable, there is a countable partition
Since R is conservative, R m is conservative too. Therefore, in view of (Fa1), there are subsets
We now define a nonsingular transformation τ of (X n , µ n ) by setting τ := id × ι.
n . It follows from (2-5), (2-6) and (iii) that
From this inequality, (ii) and the obvious fact that
for each j = 1, . . . , s + 1.
We now define a function f ∈ M(X, G) by setting
Then f takes finitely many values. We claim that f is Σ-inner on R m . Indeed, if x ∈ O(S m , Σ) then x ∈ B m by the definition of B m . Hence π n (x) ∈ B ′ m and f (x) = 1 by the definition of f , as desired. Moreover, since µ(B m ) < ǫ according to (i), we obtain (a).
We now verify that f is (Σ, H ∪ {h, h −1 })-incremental. Take x ∈ X and σ ∈ Σ. Suppose first that (x, σx) ∈ S n . Then π n (x) = π n (σx) and it follows from the definition of f that (2-9) ∆ σ f (x) = ∆ σ f (x) ∈ H, if x ∈ B m 1, if x ∈ B m .
Consider now the second case: (x, σx) ∈ S n . Then f (x) = f (σx) = 1 because f is Σ-inner on R n and Σ is symmetric. Hence
Hence f is (Σ, H ∪ {h, h −1 })-incremental. Thus, (b) is proved. It follows from (2-9) and (2-10) that if ∆ σ f (x) = ∆ σ f (x) then either x ∈ B m or (π n (σx), π n (x)) ∈ (C × (X n \ C)) ∪ ((X n \ C) × C). If the latter holds then either x ∈ B m or σx ∈ B m . Indeed, if (π n (σx), π n (x)) ∈ (A × C) ∪ (C × A) then x ∈ O(S m , Σ) ∈ B m because the subsets (π n ) −1 A and (π n ) −1 C are S m -invariant and disjoint. This implies that {x ∈ X | ∆ σ f (x) = ∆ σ f (x)} ⊂ B m ∪ σ −1 B m . Therefore (d) follows from (i) and (2-2).
It remains to show (c). We first let A ′ := Now we define a transformation θ ∈ [R] by setting for each x = (π n (x), π n (x)) ∈ X, θx := (θ π n (x),τ π n (x) π n (x), τ π n (x)), if π n (x) ∈ A
